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Abstract
Let G be a graph, its Laplacian matrix is the difference of the diagonal matrix of its vertex
degrees and its adjacency matrix. In this paper, we generalize a result in (R. Merris, Port.
Math.48 (3) 1991) and obtain the following result: Let G be a graph and M.G/ be a maxi-
mum matching in G. Then the number of edges in M.G/ is a lower bound for the number of
Laplacian eigenvalues of G exceeding 2. © 2001 Elsevier Science Inc. All rights reserved.
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1. Introduction
Let G D .V ;E/ be a graph on vertex set V D fv1; v2; : : : ; vng. The Laplacian
matrix L.G/ D D.G/ − A.G/ is the difference of D.G/ D diag.d.v1/; d.v2/; : : : ;
d.vn//, the diagonal matrix of vertex degrees, and the adjacency matrix. Denoting its
eigenvalues by 1 > 2 >    > n D 0, we shall use the notation k.G/ to denote
the kth largest Laplacian eigenvalue of the graph G.
Two distinct edges in a graph G are independent if they are not adjacent in G.
A set of pairwise independent edges in G is called a matching in G. A matching of
maximum cardinality is a maximum matching in G denoted by M.G/. The cardi-
nality of a maximum matching of G is commonly known as its matching number
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denoted by .G/. A matching M.G/ that satisfies 2jM.G/j D n D jV .G/j is called
a perfect matching.
A pendant of G is a vertex of degree 1. A pendant neighbor (abbreviated neighbor)
of G is a vertex adjacent to a pendant. Denote by p.G/ the number of pendants of
G and by q.G/ the number of neighbors. If I is some interval of the real line, write
mG.I/ for the number of eigenvalues of L.G/, multiplicities included, that belong
to I. Let mG./ denote the multiplicity of  as an eigenvalue of L.G/.
2. Lemmas and results
Let G be a graph and let G0 D G C e be the graph obtained from G by inserting
a new edge e into G. It follows from the Courant–Weyl inequalities (see e.g. [1,
Theorem 2.1]) that the following is true.
Lemma 1. The Laplacian eigenvalues of G and G0 D G C e interlace; that is;
1.G
0/ > 1.G/ > 2.G0/ > 2.G/ >    > n.G0/ D n.G/ D 0:
Lemma 2 T2U. Suppose T is a tree on n vertices. If  > 1 is an integer eigenvalue of
L.T / with corresponding eigenvector u, then
(1)  j n .i.e.,  exactly divides n/;
(2) mT ./ D 1;
(3) no coordinate of u is zero.
Lemma 3. Let G be a connected graph on n vertices having p D p.G/ pendants
and q D q.G/ neighbors. Then
(1) mG.1/ > p.G/ − q.G/ T4U;
(2) mGT0; 1/ > q.G/ T2U:
Theorem 1. Let T be a tree on n > 3 vertices. If T =D Pi .i D 3; 4; 5/; then n−2.T /
6 1; where Pi denotes the path on i vertices.
Proof. By Lemma 3, we have mGT0; 1U > p.G/. Suppose T =D Pi; i > 3, then T
has at least three pendants, and p.T / > 3.
So, n−2.T / 6 1. Since 1.P3/ D 3, 2.P4/ D 2, 3.P5/ D 1:382, and 4.P6/ D
1, we have from Lemma 1 that i−2.Pi/ 6 1, i > 6.
Thus, we complete this proof. 
Theorem 2. Let T be a tree on n vertices; M.T / be a perfect matching in T. Then
.T /.T / D n=2.T / D 2:
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Proof. If n D 2, the result is obvious. Suppose the statement is true for n D 2k
and .T / D k. It must be shown that if n D 2.k C 1/ > 4 and .T / D k C 1, then
kC1.T / D 2. Let T be such a tree. We can choose one edge e 2 E.T / but e =2 M.T /.
If T − e D T1 [ T2, then jV .T1/j, jV .T2/j are even numbers and 2 6 jV .Ti/j 6 2k,
i D 1; 2. By induction, we have .T1/ D 2 and .T2/ D 2.
Because .T1/ C .T2/ D .T /, we have from Lemma 1 that .T /.T / D kC1
.T / D 2. 
Corollary 1. Let T be a tree on n vertices; and M.T / be a perfect matching in T.
Then .n=2/C1 < 2.
Proof. By Lemma 2 and Theorem 2, we complete this proof. 
Theorem 3. Let T be a tree on n vertices. If n > 2.T /; then mT .2; nU > .T /.
Proof. Because T can be obtained from .n − 2.T /K1 C .T /P2 by adding edges,
and because 1.P2/ D 2, we have from Lemma 1 that .T /.T / > 2.
If n is an odd number, then by Lemma 2, 2 is not a Laplacian eigenvalue of T.
Hence
.T /.T / > 2:
So, we can assume n is an even number.
If n > 2.T /, then there exists a vertex v 2 V .T /, but v =2 V .M.T //. Suppose
the connected components of T − fe1; e2; : : : ; er g are T1; T2; : : : ; Tr , where fe1; e2;
: : : ; er g is the set of all edges which are incident to v. Then, for some i, jV .Ti/j is
odd. Otherwise, we have jV .T /j DPriD1 jV .Ti/j C 1 is odd, a contradiction.
Since jV .T /j D jV .Ti/j C jV .T − V .Ti//j, then jV .T − V .Ti//j is also an odd
number. By Lemma 2, we have .Ti /.Ti/ > 2, and .T −V .Ti/.T − V .Ti// > 2.
Because
.Ti/ C .T − V .Ti// D .T /:
We have from Lemma 1 that .T / > 2. This completes the proof. 
Theorem 4. Let G be a connected graph on n vertices. If n > 2.G/; then mG.2; nU
> .G/.
Proof. Since G is connected graph, there exists a spanning tree T in G such that
M.G/  E.T /, and jV .T /j > 2.T / D 2.G/. By Theorem 3, .G/.T / > 2. We
have from Lemma 1 that .G/.G/ > .G/.T / > 2, completing this proof. 
Example 1. Let K1;n−1 be the star graph on n vertices. Then mK1;n−1.2; nU D 1 D
.K1;n−1/. This shows that the lower bound in Theorem 4 is sharp.
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Corollary 2 T3U. Let G be a connected graph on n > 2 vertices having q neighbors.
If n > 2q; then mG.2; nU > q .
Proof. If G has q neighbors, then .G/ > q . By Theorem 4, we complete the
proof. 
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